We use a construction which we call generalized cylinders to give a new proof of the fundamental theorem of hypersurface theory. It has the advantage of being very simple and the result directly extends to semi-Riemannian manifolds and to embeddings into spaces of constant curvature. We also give a new way to identify spinors for different metrics and to derive the variation formula for the Dirac operator. Moreover, we show that generalized Killing spinors for Codazzi tensors are restrictions of parallel spinors. Finally, we study the space of Lorentzian metrics and give a criterion when two Lorentzian metrics on a manifold can be joined in a natural manner by a 1-parameter family of such metrics.
INTRODUCTION
Á n this paper we give various applications of a construction which we call generalized cylinders. Let Å be a manifold and let Ø be a smooth 1-parameter family of semi-Riemannian metrics on Å, Ø ¾ Á Ê. Then we call the manifold Á ¢ Å with the metric Ø ¾ · Ø a generalized cylinder over Å. On the one hand, this ansatz is very flexible. Locally, near a semi-Riemannian hypersurface with spacelike normal bundle every semi-Riemannian manifold is of this form. The restriction to spacelike normal bundle, i. e. to the positive sign in front of Ø ¾ in the metric of is made for convenience only. Changing the signs of the metrics on Å as well as on reduces the case of a timelike normal bundle to that of a spacelike normal bundle. On the other hand, this ansatz still allows to closely relate the geometries of Å and .
In Section 2 we collect basic material on spinors and the Dirac operator on semi-Riemannian manifolds. We do this to fix notation and for the convenience of the reader. Some of the material, such as the spin geometry of submanifolds, is not so easily found in the literature unless one restricts oneself to the Riemannian situation.
In Section 3 we study spinors on a manifold foliated by semi-Riemannian hypersurfaces.
In particular, we derive a formula for the commutator of the leafwise Dirac operator and the normal derivative. This formula will be important later.
In Section 4 we collect formulas relating the curvature of a generalized cylinder to geometric data on Å.
After these preliminaries we give a first application in Section 5. One technical difficulty when dealing with spinors comes from the fact that the definition of spinors depends on the metric on the manifold. This problem does not arise when one works with tensors. Thus if one wants to compare the Dirac operators for two different metrics, then one first has to identify the spinor bundles in a natural manner. This identification problem can be split into two steps. First, construct an identification for 1-parameter families of metrics and, secondly, given two metrics construct a natural 1-parameter family joining them.
The second step is trivial for Riemannian metrics; just use linear interpolation. For indefinite semi-Riemannian metrics the situation is much more complicated. In fact, two semi-Riemannian metrics on a manifold cannot always be joined by a continuous path of metrics even if they have the same signature. In Section 9 we study this problem in detail for Lorentzian metrics and we give a criterion when two Lorentzian metrics can be joined in a natural manner.
The first step, identifying spinors for 1-parameter families of semi-Riemannian metrics, is carried out in Section 5. The idea is very simple. Given a 1-parameter family of metrics take the corresponding generalized cylinder and use parallel transport on this cylinder. It turns out that this identification is the same as the one constructed differently by Bourguignon and the second author in [3] for Riemannian metrics. The commutator formula from Section 3 directly translates to the variation formula for Dirac operators.
This variation formula is what one needs to compute the energy-momentum tensor for spinors.
To make this precise we briefly summarize Lagrangian field theory in Section 6 and we give a general definition of energy-momentum tensors. Then we compute the example of the Lagrangian for spinors given by the Dirac operator.
In Section 7 we give a new and simple proof of the fundamental theorem of hypersurface theory. A hypersurface of Ê Ò·½ inherits a Riemannian metric and its Weingarten map must satify the Gauss and Codazzi-Mainardi equations. The fundamental theorem says that, conversely, any Riemannian manifold Å with a symmetric endomorphism field of Ì Å satisfying the Gauss and Codazzi-Mainardi equations can, at least locally, be embedded isometrically into Ê Ò·½ with Weingarten map given by this endomorphism field. Our proof goes like this: We write down an explicit metric on the cylinder Á ¢ Å and we then check that this metric is flat. Since every flat Riemannian manifold is locally isometric to Euclidean space the theorem follows. This approach directly extends to semi-Riemannian manifolds and to embeddings into spaces of constant sectional curvature not necessarily zero. This kind of approach to the fundamental theorem for hypersurfaces was suggested, but not carried out, by Petersen in [9, p. 95] .
In Section 8 we study generalized Killing spinors. They are characterized by the overdetermined equation Ö ¦Å ½ ¾ ´ µ ¡ where is a given symmetric endomorphism field.
We show that if is a Codazzi tensor, then the manifold can be embedded as a hypersurface into a Ricci flat manifold equipped with a parallel spinor which restricts to . This generalizes the case of Killing spinors, . The classification of manifolds admitting Killing spinors in [1] was based on the observation that the cone over such a manifold possesses a parallel spinor. This also generalizes the case that is parallel which was studied in [7] . 
for all Ú Û ¾ Ê Ò . There is a decomposition into even and odd elements 
where the horizontal arrows denote the group actions on the principal bundles. This definition of a spin structure has the advantage of being independent of the choice of any semi-Riemannian metric on . An oriented manifold together with a spin structure will be called a spin manifold.
Let now in addition carry a semi-Riemannian metric of signature´Ö ×µ, Ö · × Ò. 
Very often in the literature È ËÔ Ò´ µ is called a spin structure of and we will call together with È ËÔ Ò´ µ a semi-Riemannian spin manifold.
On a semi-Riemannian spin manifold we define the spinor bundle of as the complex vector bundle associated to the spinor representation, i. e. ¦ È ËÔ Ò´ µ ¢ ¦ Ö × In other words, for Ô ¾ the fiber of ¦ Ô of ¦ over Ô consists of equivalence classes of pairs ℄ where ¾ È ËÔ Ò´ µ Ô and ¾ ¦ Ö × subject to the relation ℄ ½ ℄ for all ¾ ËÔ Ò´Ö ×µ. Unfortunately, the spinor bundle cannot be defined independently of the metric using È Ä ·´ µ instead of È ËÔ Ò´ µ because the spinor representation of ËÔ Ò´Ö ×µ on ¦ Ö × does not extend to a representation of Ä ·´Ò Êµ on ¦ Ö × . We will come back to this problem in Section 5.
Note that the tangent bundle can also be written in a similar manner, Ì È ËÇ´ µ¢ Ê Ò where is the standard representation of ËÇ´Ö ×µ on Ê Ò . One defines Clifford multiplica- 
One checks that Ö ¦ is a metric connection and that it leaves the splitting (3) in even dimensions invariant. Moreover, it satisfies the following Leibniz rule:
for all vector fields and and all spinor fields ³. 
THE DIRAC OPERATOR ON MANIFOLDS FOLIATED BY HYPERSURFACES
Ä et be an oriented´Ò · ½µ-dimensional semi-Riemannian spin manifold. Let ¢ È ËÔ Ò´ µ È ËÇ´ µ be a spin structure on . Let Å be a semi-Riemannian hypersurface with trivial spacelike normal bundle. This means there is a vector field on along Å satisfying ·½ and Ì Å ¼. If the signature of Å is´Ö ×µ, then the signature of is´Ö · ½ ×µ. In this situation Å inherits a spin structure as follows: The bundle of oriented orthonormal frames of Å, È ËÇ´Å µ, can be embedded into the bundle of oriented orthonormal frames of restricted to Å, È ËÇ´ µ Å , by the map ´ ½ Ò µ ´ ½ Ò µ. Then È ËÔ Ò´Å µ ¢ ½´ ´È ËÇ´Å µµµ defines a spin structure on Å. We will always implicitly assume that this spin structure be taken on Å. The same discussion is possible on the level of Ä ·´Ò Êµ-bundles. 
Plugging this into (4) we get for a section ³ ℄ of ¦ Å and ½ Ò
Now let ³ be a section of ¦ defined in a neighborhood of Å. On the one hand,
On the other hand by (10) , 
where À ½ Ò ØÖ´Ï µ denotes the mean curvature.
Next we consider the situation that carries a semi-Riemannian foliation by hypersurfaces. The commutator of the leafwise Dirac operator and the normal derivative will be of central importance later. Then the commutator of the leafwise Dirac operator and the normal derivative is given by
"¡" denotes Clifford multiplication on .
Proof. We choose a local oriented orthonormal tangent frame´ ½ Ò µ for the leaves and we may assume for simplicity that Ö ¼. We compute
The Riccati equation for the Weingarten map´Ö Ï µ´ µ Ê ´ µ · Ï ¾´ µ yields
The Codazzi-Mainardi equation [8, p. 115] gives for
parameter family of semi-Riemannian metrics on Å, Ø ¾ Á where Á Ê is an interval. We define the generalized cylinder by
The generalized cylinder is an´Ò · ½µ-dimensional semi-Riemannian manifold (with boundary if Á has boundary) of signature´Ö · ½ ×µ if the signature of Ø is´Ö ×µ. The vector field Ø is spacelike of unit length and orthogonal to the hypersurfaces Å Ø Ø ¢ Å. Let Ï denote the Weingarten map of Å Ø with respect to and let À be the mean curvature.
If is a local coordinate field on Å, then ¼ and 
shows (20). Formula (21) for the scalar curvature follows from (18) 
IDENTIFYING SPINORS AND THE VARIATION FORMULA FOR THE DIRAC OPERATOR
Á t is an annoying problem that the definition of spinors, in contrast to that of differential forms and tensors, depends on the semi-Riemannian metric of the manifold. Hence if one wants to compare the Dirac operators for two different metrics one first has to identify the underlying spinor bundles.
The problem of constructing such identifications can be split into two steps: First construct identifications for any two metrics in a 1-parameter family of metrics. The identification of spinors for two metrics will in general depend on the 1-parameter family of metrics joining them. Secondly, given two metrics construct a natural curve of metrics joining them.
Both steps have been carried out very satisfactorily for the case of Riemannian metrics in [3] . In the present section we will deal only with the first step. The second step cannot always be carried out. In Section 9 we will discuss this problem for the case of Lorentz metrics in great detail. Now let Ø , Ø ¾ Á, be a smooth 1-parameter family of semi-Riemannian metrics of signaturé Ö ×µ on a manifold Å. We form the generalized cylinder
Spin structures on Å and on are in 1-1-correspondence. As explained in Section 3 spin structures on can be restricted to spin structures on Å Ø Å. Conversely, given a spin structure on Å it can be pulled back to Á ¢ Å yielding a Ä ·´Ò Êµ-principal bundle on . Enlarging the structure group via the embedding Ä ·´Ò Êµ¸ Ä ·´Ò · ½ Êµ covering the standard embedding Ä ·´Ò Êµ¸ Ä ·´Ò · ½ Êµ,
the spin structure on which restricts to the given spin structure on Å.
Let us write "¡" for the Clifford multiplication on and "¯Ø" for the Clifford multiplication on Å Ø . Recall from Section 3 that ¦ ÅØ ¦Å Ø as Hermitian vector bundles if Ò Ö·× is even and ¦ · ÅØ ¦Å Ø if Ò is odd. In both cases the Clifford multiplications are related by ¯Ø ³ ¡ ¡ ³. For given Ü ¾ Å and Ø ¼ Ø ½ ¾ Á parallel translation on along the curve Ø ´Ø Üµ is a linear isometry Ø½ Ø¼ ¦ Ü Å Ø¼ ¦ Ü Å Ø½ . Since "¡" and are parallel along the curve Ø ´Ø Üµ so is the family of Clifford multiplications "¯Ø" and Ø½ Ø¼ preserves Clifford multiplication in the following sense:
In general, the covariant derivative and hence parallel transport depends on the semi-Riemannian metric and its first derivatives. We note here that for fixed Ü ¾ Å the parallel transport Ø½ 
Now if ³ is parallel along the curves Ø ´Ø Üµ, i. e. it is of the form ³´Ø Üµ Ø Ø¼ ´Üµ for some spinor field on Å Ø¼ , then the left hand side of (23) is at Ø Ø ¼
We have shown the variation formula for the Dirac operator: 
The first term is given by the variation formula for the Dirac operator. Since Clifford multiplication with tangent vectors is skewadjoint all terms of the form Ê ³ ¯ ¼ ³ vanishes. Thus Theorem 5.1 yields 
for all ³, critical or not.
These two examples show that for noncritical ³ the energy-momentum tensor also depends on the choice of connection À. In contrast, for critical ³ the differential Ä descends to a map Ä Ì ³ Ì ³´ ´³µ µ ª Ò ´Åµ. Thus the map Ä AE ½ Ì ´³µ ª Ò ´Åµ is well defined without any reference to À.
EMBEDDINGS OF HYPERSURFACES
Ï e will now apply the cylinder construction described in Section 4 to study the question whether a given manifold can be isometrically immersed as a hypersurface into a manifold of constant curvature. The classical example for such a result is the fundamental theorem for hypersurfaces which can be stated as follows:
Theorem 7.1. Let´Å Ò µ be a Riemannian manifold and let be a field of symmetric endomorphisms of Ì Å satisfying the equations of Gauss and Codazzi-Mainardi:
Then every point of Å has a neighborhood which can be isometrically embedded into Euclidean´Ò · ½µ-space Ê Ò·½ , with Weingarten map . If Å is simply connected, then there exists a global isometric immersion of Å into Ê Ò·½ with the above property.
A proof can be found in [6, Ch. VII.7], but here we will give a more geometrical argument based on the cylinder construction. This will allow us to extend the result without effort to the semi-Riemannian case and to embeddings into model spaces of constant sectional curvature not necessarily zero. We will construct an explicit metric of constant curvature on the cylinder Á ¢ Å, whose restriction to the leaf ¼ ¢ Å is . 
where Ï £ denotes the induced action of Ï as a derivation on tensors. From the assumption in the lemma we conclude 
GENERALIZED KILLING SPINORS
Ï e now turn our attention to restrictions of spinors to hypersurfaces. Let Å Ò Ò·½ be a hypersurface of a spin manifold admitting a parallel spinor ©.
If Ò · ½ is even, we will assume that © lies in ¦ · . From the discussion in Section 3 we see that the restriction of © to Å is actually a spinor on Å and (10) reads
for all ¾ Ì Å where is the Weingarten tensor of the submanifold Å and "¯" denotes Clifford multiplication on Å. If is an eigenspinor of the Dirac operator, then is closely related to the energy-momentum tensor of . More precisely, using (24) one computes
where is constant since is parallel on . Spinors satisfying (30) will be called generalized Killing spinors. They are closely related to the so-called Ì -Killing spinors studied by Friedrich and Kim in [5] .
Conversely, given a generalized Killing spinor on a manifold Å Ò with Ö ¦Å ½ ¾ ´ µ¯ , it is natural to ask whether the tensor can be realized as the Weingarten tensor of some isometric embedding of Å in a manifold Ò·½ carrying parallel spinors. Morel studied this problem in the case where the tensor is parallel, see [7] .
The next result provides an affirmative answer to the above question, for the case where the energy-momentum tensor of is a Codazzi tensor. Then the generalized cylinder Á ¢ Å with the metric Ø ¾ · Ø , where Ø´ µ ´´ Ø µ ¾ µ, and with the spin structure inducing the given one on ¼ ¢ Å by restriction has a parallel spinor, whose restriction to the leaf ¼ ¢ Å is just .
Proof. The spinor defines a spinor © on by parallel transport along the geodesics Ê ¢ Ü . More precisely, we define ©´¼ Üµ Ü via the identification ¦ Ü Å ¦´¼ Üµ (resp. ¦ · ¼ Üµ for Ò odd) and ©´Ø Üµ Ø ¼ ©´¼ Üµ . By construction we have
for all ¾ Ì Å. Let be a fixed arbitrary vector field on Å, identified as usual with the vector field´¼ µ on . Using (32) we get ¼ ½ ¾ Ê ´ µ ¡ © Ö ¦ Ö ¦ ©, thus showing that the spinor field Ö ¦ © is parallel along the geodesics Ê ¢ Ü . Now (32) shows that this spinor vanishes for Ø ¼, hence it is zero everywhere on . Since was arbitrary, this shows that © is parallel on . This theorem generalizes the result from [1] where the case ¡ is treated, ¾ Ê, and it is shown that the cone over a manifold with Killing spinors admits parallel spinors, as well as a more recent result by Morel [7] for the case when is parallel. Nevertheless, the question whether a manifold with a spinor satisfying (31) can be isometrically embedded in a manifold with parallel spinors such that becomes the Weingarten tensor of the embedding without assuming that is a Codazzi tensor is left open in the present article.
THE SPACE OF LORENTZIAN METRICS
Á n the final section we address the problem of connecting any two semi-Riemannian metrics of signature´Ö ×µ on some manifold Å of dimension Ò Ö · ×, by a curve Ø of semi-Riemannian metrics of the same signature in a unique and universal manner. The latter requirement reduces this problem to the purely algebraic issue of finding a universal way of relating any two inner products of signature´Ö ×µ on some real vector space Ê Ò in the manifold Å Ö × of all inner products of signature´Ö ×µ on .
In the positive or negative definite case an obvious candidate is the linear interpolation Ø Ø ½ ·´½ Øµ ¼ which, however, cannot be used for other signatures. An alternative solution, which has been considered in the definite case, see e.g. [3] , but holds in a formally identical way for all signatures, relies on the geometry of Å Ö × , as a (semi-Riemannian) symmetric space that we now recall briefly. In the general case, the restriction of the Killing form to Ñ is an À-invariant inner product of signature Ö´Ö·½µ ¾ · ×´×·½µ ¾ ½ Ö× , making Å ¼ Ö × a semi-Riemannian symmetric space of this signature.
The fact that Å ¼ Ö × is symmetric, as a semi-Riemannian homogeneous space, implies that the Levi-Civita connection of the semi-Riemannian metric coincides with the canonical homogeneous connection. In particular, all (semi-Riemannian) geodesics emanating from
As a homogeneous semi-Riemannian manifold Å ¼ Ö × is certainly geodesically complete in the sense that geodesics are defined on all of Ê, but for´Ö ×µ ´Ò ¼µ ´¼ Òµ, it is not longer true that any two points can be joined by a geodesic and, if so, there is no guarantee that the geodesic be unique. This will be illustrated firstly in the case that´Ö ×µ ´½ ½µ, then in the general Lorentzian case when´Ö ×µ ´Ò ½ ½µ. An endomorphism « of is tracefree if and only if it is "antisymmetric" with respect to , i. e. if and only if it satisfies: ´«¡ ¡µ · ´¡ «¡µ ¼. For any ¾ Å ¼ ½ ½ there is one and only one automorphism Á of such that ´¡ Á ¡µ
Since is symmetric Á is trace-free. Its determinant equals ½ because is Lorentzian, with volume form equal to . In particular, Á ¾ ½. The light cone of is the union of the two eigenspaces of Á , for the eigenvalues ¦½. The latter are generated by Ú ¦ Á Ú respectively, for any nonzero Ú ¾ . The two null geodesics emanating from Á are cut out of Å ½ ½ ½ by the affine plane Á Á ¼ ½ . Thus the points Á ¼ ¾ Å ½ ½ ½ with Á Á ¼ ½ cannot be attained by a geodesic from Á. Similarly, by looking at the affine plane Á Á ¼ ·½ we see that the points Á ¼ with Á Á ¼ ½ are the ones that lie on timelike geodesics emanating from Á, the ones with Á Á ¼ ½ are the ones that lie on null geodesics emanating from Á, and the ones with ½ Á Á ¼ ½ lie on spacelike geodesics emanating from Á.
We now retranslate this information back to
Note that is -and ¼ -symmetric and of determinant equal to ·½.
By choosing as a base-point, we conclude that Å ¼ ½ ½ can also be identified with the space of all -symmetric automorphisms of determinant ½ of . We summarize: 
is of signature´Ò Ñ ¼µ for (but Ï is always of signature´Ñ ½ ½µ for ¼ , as is orthogonal to Ù).
Since is orthogonal to Ù, Á and Ë . In particular, is symmetric for ¼ , and´¡ ¡µ and its spectral decomposition coincides with the one of Ë , given by (35), with eigenvalues for each ¾ ¡ and each ¾ ¡ with ½.
The spectral study of is then reduced to the spectral study of Ï and the latter is summarized by the following lemma. 
It follows that each eigenvalue of Ï is a root of the polynomial È defined by (37). Since È is monic and of degree Ñ, it must coincide with the characteristic polynomial of Ï . We readily see from (37) that the roots of È are distinct from the (recall that the latter are pairwise distinct). From (41) we immediately see that the eigenspace corresponding to is generated by the vector Ú defined by (38). Conversely, for each root of È the vector Ú defined by (38) is certainly an eigenvector of Ï for the eigenvalue .
Since the roots of È are distinct from the , È can also be expressed by È´Øµ É´Øµ ½ · ¾ ¾¡ Ù ¾ Ø (43) where we put É´Øµ É ¾¡´Ø µ. Differentiating (43) at Ø , we get (39). It follows that Ú is a null vector if and only if È ¼´ µ ¼, meaning that is a multiple root.
For further use, we need more information about the sign of the characteristic polynomial È at Ø , ¾ ¡, and at Ø ¼. In the sequel, we use the notation È´Ø ¼ µ ´ ½µ Ö , for some integer Ö, to mean that È has the sign of´ ½µ Ö -in particular is not zero -at Ø Ø ¼ . In particular, È has then at least´Ñ ¾µ distinct real roots ¼ ½ Ñ ¾ , with ¾´ ·½ µ, for ½ Ñ ¾.
Proof. Easy consequence of (37).
We now consider the two cases when ¼ does or does not belong to ¡.
According to Lemma 9.4 (i), Ï is diagonalizable (over Ê) with one negative eigenvalue ¼ and Ñ ½ distinct positive eigenvalues. Moreover, we easily see from (39) that the Ñ corresponding eigenvectors Ú , defined by (38), are all spacelike. On the other hand, is also diagonalizable with one negative eigenvalue, namely ¼ -whose eigenspace is ¼ -and Ò Ñ ½ positive eigenvalues. Denote by ½ ½ the direct sum of ¼ and the (one-dimensional) eigenspace of ¼ , and by Ò ¾ ¼ the orthogonal complement of ½ ½ for or ¼ . Then, both and ¼ are of signature´½ ½µ on ½ ½ and positive definite on Ò ¾ ¼ . Accordingly, splits as the sum of two operators ½ ½¨ Ò ¾ ¼ , where ½ ½ acts trivially on Ò ¾ ¼ and is diagonalizable, with negative eigenvalues on ½ ½ , whereas Ò ¾ ¼ acts trivially on ½ ½ and is positive definite, as well as ¼ -and -symmetric on Ò ¾ ¼ . This can be interpreted as follows. Denote by Å ½ ½ the space of Lorentzian inner products of ½ ½ , by Å Ò ¾ ¼ the space of positive definite inner products of Ò ¾ ¼ . Then the product Å ½ ½ ¢ Å Ò ¾ ¼ is naturally embedded as a totally geodesic submanifold of Å Ò ½ ½ and both ½ ½¨ Ò ¾ ¼ and ¼ ¼ ½ ½¨ ¼ Ò ¾ ¼ belong to it. In Å Ò ¾ ¼ any two elements, in particular Ò ¾ ¼ and ¼ Ò ¾ ¼ , are joined by a unique geodesic. The situation concerning Å ½ ½ has been explored in detail in the first part of this section. In the present case, ½ ½ and ¼ ½ ½ are related by the automorphism ½ ½ which is diagonalizable with distinct negative eigenvalues, so that ½ ½ and ¼ ½ ½ cannot be linked by a geodesic.
Case 2: ¼ ¾ ¡.
According to Lemma 9.4 (ii), there exist at least Ñ ¾ distinct positive eigenvalues of Ï , namely ¼ ½ Ñ ¾ . Then, either these eigenvalues are all simple roots of È , or one of them -and only one -is a triple root. The case that two of them are double roots is impossible since, according to Lemma 9.3 (ii), the corresponding eigenvectors defined by (38) would then form an orthogonal pair of nonzero null vectors in the Lorentzian spacé µ.
In the case when all are simple roots, we easily check by using (39) that the corresponding eigenvectors are all spacelike. Denote by Ò ¾ ¼ the direct sum of the corresponding eigenspaces and , and by ½ ½ Ï the orthogonal complement of Ò ¾ ¼ for or ¼ . Then, both and ¼ are positive definite on Ò ¾ ¼ and of signature´½ ½µ on ½ ½ . The situation is then quite similar to the previous one, except that all cases considered in Section 9.1 for Å ½ ½ may now happen, depending on whether the missing two roots of È are complex conjugate, both positive (equal or distinct) or both negative (equal or distinct).
It remains to consider the case that one of the , say ¼, is a triple root of È . Then, according to Lemma 9.3 (iii), the corresponding eigenvector Ú is a null vector. Again, it is easily checked that the Ú , for , are all spacelike. Denote by Ò ¿ ¼ the direct sum of the eigenspaces corresponding to the , , and ¼ , and by ¾ ½ Ï the orthogonal complement of Ò ¿ ¼ for or ¼ . Then, both and ¼ are positive definite on Ò ¿ ¼ and of signature´¾ ½µ on ¾ ½ . It follows that and ¼ both belong to a same totally geodesic subspace Å ¾ ½ ¢ Å Ò ¿ ¼ . Moreover, the restriction of to ¾ ½ , which relates ¾ ½ and ¼ ¾ ½ , is of the form ´ · Üµ, where Ü is nilpotent and regular (this is because has no other eigenvector than Ú ). Now, ·Ü is the exponential of ·Ü Ü ¾ ¾ , which is certainly symmetric for both ¼ and (since Ü ´ · Üµ is symmetric) and is the only symmetric "logarithm" of · Ü. We thus get a unique (null) geodesic between ¼ ¾ ½ and ¾ ½ in Å ¾ ½ , hence also between ¼ and in Å Ò ½ .
This completes the proof of Proposition 9.2. £
